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LIntroduction
IfemtedLocQlＳｅａｒｃｈ(ILS)isoneoftherepresentativemetaheuristicsthatindicateanalgorithmicframe-
workbasedonenhancementsof(simple)localsearchandgreedyheuristicsfbrcombmatorialoptimization
problems・ThismetaheuristicalgorithmisoftenreferredtoasP(mrtｈｅ川ｅＭｉｃＡ⑭orithm(PA),com-
posedofalocalsearchheuristicandarandommutationtechniquetoescapefromlocaloptimafbund
bythelocalsearchFbrexample,fbrthetravelingsalesmanproblem(TSP),PAisoneofthemost
successfillapproximationalgorithms,so-calledIfemtedLin-Kerni9hqnheuristic9)，whichiscomposedof
aLin-Kernighan，slocalsearch'5）andarandomfbur-optescapetechnique・
Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，ｉｔｉｓｗｅｌｌｋｎｏｗｎｔｈａｔｔｈｅｕｎｃｏｎｓｔＭｎｅｄｂｊｎｑｒｙｑｕｄｄｍｔｉｃｐ７Ｗｗｚｍｍｉｎ９ｐｍｂｌｅｍ
(BQP)isequivalenttomanyclassicalcombinatorialoptimizationproblemssuchasmaximumcutprob-
lem,maximumcliqueproblem,etc・See22)fbrmoredetajls・Givenasymmetricrationaln×ｎｍａｔｒｉｘＱ
＝(9が),theobjectiveoftheBQPistofindabinaryvectorzoflengthnthatmaximizesthefbllowing
quantity：
ＴＬｎ
ノ(z)＝ＺＺｑ脚j，ｚ#Ｅ{0,1}vi＝1,…,几 （１）
ｉ＝１ｊ＝１
SeveralexactmethodshavebeendevelopedtosolvetheBQP・However,ｔｈｅＢＱＰｂｅｌｏｎｇｓｔｏｔｈｅ
ｃｌａｓｓｏｆﾉＶＰ－ｈａｒｄｐｒｏｂｌｅｍｓａｓｗｅｌｌａｓｔｈｅｒｅlatedclassicalcombinatorialoptimizationproblems・Due
tothecomputationalcomplexitｙｏｆｔｈｅｐｒｏｂｌｅｍ，ａｔｔｈｅｐｒｅｓｅｎｔｔｉｍｅｉｔｉｓｏｎｌｙｃａｐａｂｌｅｏｆｓｏｌｖｍｇｔhe
smallsizeinstances、Fbrlargerprobleminstances，suchmethodswouldbecomeprohibitivelyexpensive
toapply，whereashigh-perfbrmanceheuristicalgorithmsmightfindhigh-qualitysolutionsinashort
time・Tbobtainnear-optimalsolutionsinreasonabletime，severalmetaheuristicapproachessuchas
tabusearch4'6),simulatedannealing4U),evolutionaryalgorithms16'’8''2'２１),andscattersearch1)have
beenproposedfbrtheBQPsofar・Althoughthesealgorithmsdonotdeliveraguaranteetofindoptimum
solutions，ｔｈｅｙｈａｽﾉｅｂｅｅｎｓｈｏｗｎｔｏｂｅｈｉｇｈｌｙｅｆＩｅｃｔｉｖｅｉnpracticelnaddition，ｔｈｅａｌｇｏｒｉｔｈｍｓｆｂｒｔｈｅ
ＢＱＰｃａｎｂｅｕｔｉlizedtosolvetherelatedcombinatorialoptimizationproblems、
Inthispaper,weconsidervariousPAimplementationstotheBQPEachPAperfbrmseachoffOur
localsearchheuristics(deterministicLopt,randomizedl-opt,deterministicA-opt,andrandomizedA-opt）
knownfbrtheBQPsofarandhasasimplemutationcontrolledbyaprobabilityparameterlbobserve
behaviorsofPAsinducedbyseveralparametervaluesusedinthemutation，wetesteachPAontest
probleminstaｎｃｅｓｏｆｕｐｔｏ２５００ｖａｒｉａｂｌｅｓｆｒｏｍｔｈｅliteratureandthenchoosethebestalgorithmfrom
thesePAsComputationalresultsafterthisextensivetestingindicatethatsearchabilitiｅｓｏfPAswithA-
optlocalsearcharenotassensitiveintheparametervaluesasPAswithl-optlocalsearchFurthermore，
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itturnsoutthatthePAincorporatingtherandomizedk-optlocalsearchwiththenear-optimalparameter
valuesetfbrthemutationissuperiororqtleqstcompetitivetotheotherexistingpowerfUlmetaheuristic
approaches，suchassimulatedannealingandgeneticlocalsearch,ｏｎｔｈｅｓａｍｅｔｅｓｔｉｎｓｔances．
２．BasicldeaofParthenogeneticA1gorithm
LocalSearch(LS)isagenerallyapplicableapproachthatcanbeusedtofindapproximatesolutionsto
hardoptilnizationproblems，andmanypowerfUlheuristicsthatbelongtoaclassofmetaheuristicsaｒｅ
ｂａｓｅｄｏｎｉｔＴｈｅｂａｓｉｃｉｄｅａｏｆｔｈｅＬＳiｓｔｏｓｔａｒｔｆｒｏｍａｒandomlygeneratedsolutionzandtorepeatedly
replacezwithabettercostchosenfromasetofneighborsolutionszノthatcanbereaChedbyaslight
lnodificationofacurrentsolution、Ifnobetterneighborsolutionscanbefbund，theLSimmediately
stopsandfinallyreturnstothebestsolutionfOund．uringthesearchThus,theresultingsolutioncannot
beimprovedbyaslightmodification・Thismodificationisoftenreferreｄｔｏａｓｎｅｊ９ｈｂｏｒﾉZood1V,andthe
resultingsolutioniscalledtheJocqllZノoptimqlsoMjonundertheneighborhoodJV・Thequalityofthe
locallyoptimalsolutionfbundbytheLSheuristicsubstantiallydependsonastructureofthepredefined
neighborhood・
ＬＳｃａｎｂｅｔｒａｐｐｅｄｉｎｌｏｃａｌｏｐｔｉｍａａｎｄbeunabletoreachtheglobaloptima・Ｉｂｒｅａｃｈｔｈｅｇｌｏｂａｌ
ｏｐｔｉｍｕｍｏｒｖｅｒｙｇoodapproximatesolutions，LSprocessshouldbeenlargedinsomesense，Ｏｎｅof
suchenlargementsisamulti-starttechniqueofLSthatstartsfromrandomsolutionsandmaypromise
asatisfactorysolutionwithalargeramountofcomputationtime・However，theuseofrelativelygood
(orpreviouslyfbund)solutionsratherthanrandomlygeneratedonesisamorenaturalwayinalDplying
LSitselfBetterfinalsolutionscanbeexpectedevenwiththesａｍｅａｍｏｕｎｔｏｆｃｏｍｐｕｔａｔｉｏｎｔｉｍｅｓｆｂｒ
eachofthemulti-startLS(MLS)andthefbllowingalgorithm・
AmongthepowerfUlheuristicalgorithmsusingpreviouslyfbundsolutionswithrelativelygoodcosts，
ＰＧrtheno9eneticAJ9orjthm(PA）ｏｒＩｆｅＭｅｄＬｏｃｑＪＳｅｑｍｃｈｍａｙｂｅｏｎeofthesimplestmethodsthat
enhancetheLSfbrvariousoptimizationproblems・Generally,thePAfirstgeneratesarandomsolution，
andthenthesolution(ormutatedsolution,seebelow)islocallyoptimizedbytheLSheuristic,obtaining
aJoc(zJJZ/Optimqlsolution、Thelocallyoptimalsolution(orpreviouslyfbundone)isslightlymutated
byamutationtechnique，obtajningamutatedsolutionthatisnotlocallyoptimalwithrespectto
neighborhooddefinitionsoftheLSheuristicsTheseprocesses,exceptfbrinitialgenerationofarandom
solutioninthefirststep，arerepeateduntilapredefinedterminalconditionissatisfiedThus，thePA
canbesimplycomposedofaルcQZseq，℃ハandamutGtion(kick)toescapefrompreviouslyfOundlocal
optima、ThisidealiesinfbcusingthesearchnotonthefUllspaceofsolutionsbutonasmallersubspace
definedbylocallyoptimalsolutions・
Ｔｂｇｅｔｏｕtthelocaloptimalityofthelocaloptimumsolution,thePArequiresamutation（kick）
techniquethatproducestheother(worse)solutionfromthegivenlocaloptimum、Thekicktechnique
maybeconsideredasakindofneighborhoods，andweusuallyrequiretheotherneighborhoodstructure
thatdifIersfｒｏｍｏｎｅｕｓｅｄｉｎｔｈｅＬＳｏｆｔｈｅＰＡＩｆｗｅａｄoptthesame(orquitesimilar)neighborhood
structureinboththeLSandthekicktechnique(e9.,1-optneighborhoodfbrtheBQP,see§a3fbrmore
details),thesamelocaloptimumwouldbereproducedbyLSthatstartsfromanewlymutatedsolution
afterthekickwiththesameneighborhoodJnsuchcase,ｗｅｃａｎｎｏｔｅｘｐｅｃｔｔｈａｔＰＡｐｒｏｖｉｄｅｓｖｅrygood
solutionsorbetteronesthaｎｅｖｅｎｔｈｅｂｅｓｔｏｎｅｆｂｕｎｄｂｙＭＬＳｔｈａｔｐerfOrmsLSstartingwithnewlyand
randomlygeneratedpoints
Letusturntooptimizationproblemsbriefly・ＴｈｅＰＡｓｈｏｕｌｄｂｅａｐｐｌｉｅｄｔｏａｐｒｏｂlemcharacterized
bythefbllowingassumption(orfact)：``therearegood(localoptimum)solutionsaroundtheothergood
(localoptimum)oneinasearchspaceofthegive、problem，，Suchassumptionimpliesthatinthesearch
spacemanylocaloptimafbundbyLSaredistributedinacluster・Forsuchoptimizationproblem，ｅ９．，
theTSPandgraphpartitioningproblem(GPP)5),itisquiteexpectedthatthePAismorefavorablein
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ＰＡ１
lGeneratearandomsolution，andrunalocalsearchonthesolutiｏｎ，obtainingz，Ｃｏｐｙｚｔｏｚ６ｅｓｔ，
２Perfbrmarandommutationonz，obtainingz'．
３Ｒｕｎｔｈｅｌｏｃａｌｓｅａｒｃｈｏｎｚ'，obtainingz〃、
４１fノ(ｍ'')＞ノ(＄6…),thensetm6…＝⑰"・ＣｏｐｙＺ６…ｔｏｚ、
５１fapredefinedterminalconditioniｓｍｅｔ，thenoutputz6est，otherwisegotoStep2．
FigurelTheflowofParthenogeneticAlgorithml
ＰＡ２
１Generatearandomsolution，andrunalocalsearchonthesolutio、，obtainingz・Ｃｏｐｙｚｔｏｚ６ｅｓｔ、２Perfbrmarandommutationonm，obtainingqD'．
３Ｒｕｎｔｈｅｌｏｃａｌｓｅａｒｃｈｏｎｚ'，obtainingz〃、
４１f巾'')＞加6…),thensetz6…＝ｚ''・ｃｏｐｙ、〃ｔｏｚ、
５１fapredefinedterminalconditioniｓｍｅｔ，thenoutputdD6est，otherwisegotoStep2．
Figure2ＴｈｅｎowofParthenogeneticAlgorithm2
termsoffinalsolutionqualitiesandrunningtimesthantheMLSTheBQPinthispaperalsocanbe
consideredassuchaproblem2o,２１） ●
3.ParthenogeneticA1gorithmfbrBQP
3.1FitnessandRepresentation
WhenapplyingPAstoaspecificproblem，ｉｔｉｓｉｍｐｏｒｔａｎｔｔｏｄｅｔｅｒｍｉｎｅｔｈｅｆｉｔnessfunctionandthe
representation・FbrtheBQP,Ｅｑ.(1)canbeusedasthefitnessfUnction・
Ontheotherhand,O-1binaryrepresentationisanobviouschoicefbrtheBQPsinceitrepresentsthe
underlyingO-1integervariableslnabitstringoflengthn,where7Bisthenumberofvariablesinagiven
BQPinstance,avalueofOorlatthej-thbitimpliesthatzj＝０orlintheindividualusedinthePA，
respectively．
3.2PAsfbrBQP
WemainlyconsidertwotypesofPAsfbrtheBQP,buteachoffburlocalsearchheuristicsisincorporated
intoeachtypeｏｆＰＡｓ・ＴｈｅｔｗｏｍａｉｎＰＡ，ｓＨｏｗｓａｒｅｓｈｏｗｎｉｎＦｉｇ､１ａｎｄＦｉｇ２,ａｎｄｗｅｈｅｒｅｒｅｆｂｒｔｏｅａｃｈ
ｏｆｔｈｅｍａｓＰＡ１ａｎｄＰＡ２,respectively・ＴｈｅｄｉｆｈｅｎｃｅｂｅｔｗｅｅｎＰＡ１ａｎｄＰＡ２ｓｈｏwnisonlyafinalprocess
inLine4ofeachfigureThismeansthatineachiterationthesolutionsgivenfbrarandommutation
inLine2ofeachfigurearedifTerent・ＩｎＰＡ１ｓｈｏｗｎｉｎＦｉｇｌ，thebestfOundsolutionz6estisalways
usedinLine2sincez6estiscopiｅｄｔｏａｃｕｒｒｅｎｔｓｏｌｕｔｉｏｎｚｉｎＬｉｎｅ４・ＩｎＰＡ２，fbreachiteration，the
currentlyfbundsolutionz(thatisz"inLine4)ratherthanthebestfbundoneisalwaysusedinLine2
ofFig2Generally,PA1canbeinterpretedasthestandardPAduetoJohnson9）whohaspresentedthe
powerfUlheuristicso-calledIfemtedLi汗Ｋｅｒｎｉ９ｈａｎｆｂｒｔｈｅＴＳＰ・However,thealternativeflowofPA2is
alsoinvestigatedduetothefirstPAimplementationstotheBQP、
AsotherexistingPAs,thereisaL川ｅＳｔｅｐＭ(z戒ｏｕＣｈ(Bi、(LSMC）(orO7minedLocGlOpt伽zutjon
(CLO))'7'2)ThisPAoperatesonasolutioninLine2thatischosenbyanideabasedonasimulated
annealinglfaparametertemper〔LｔｗｗｅｉｎＬＳＭＣｉｓｓｅｔｔｏｚｅｒｏ,ＬＳＭＣｂｅｃｏｍｅｓｔｈｅｓａｍｅａｓＰＡ１ｉｎｏｕｒ
study・Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，ｉｆｔｈｅｔｅｍｐｅｒａｔｕｒｅｉｓｓｅｔｔｏａｆｉｘｅｄｌａｒｇｅｖａｌｕｅｓｏａｓｔｏａｌｗａｙｓａｃｃｅｐｔｔｈｅ
solutionfbundbylocalsearchineachiteration，ｉｔｉｓｅｑｕｉｖａｌｅｎｔｔｏＰＡ２・Alternatively,anovelheuristic
calledGeMicIfemtedLocqJSeQmch(GILS)canbefbundin'０)．GILSoperatesontwosolutionsinLine
2：thebestfbundsolutioncorrespondｓｔｏｔｈｅｏｎｅｉｎＬｉｎｅ２０ｆＦｉｇ・landthecurrentsolutioncorrespｏｎｄｓ
ｔｏｔｈｅｏｎｅｉｎＬｉｎｅ２ｏｆＦｉｇ２ＴｈｅｓｅPAvariantswillbefUtureissues・Inthefbllowing，localsearch
heuristicsandrandommutationaredescribedtoachieveoursimplePAsfbrtheBQP．
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a3LocalSearchAlgorithms
TbincorporatealocalsearchintothePAsprovidedabove，ｗｅshowfburlocalsearchheuristicsfｂｒｔｈｅ
ＢＱＰＴｈｅｙｈａｖｅｂｅｅｎｃｌｅａｒｌｙｓｔａtedintherecentliteraturesandeachoftheirperfOrmancesinterms
ofsolutionqualitiesandrunningspeedshasbeenpracticallyconfirmedunderanimplementationofthe
multi-starttechniquewitheachlocalsearchThus，wedescribehereeachfeatureoftheselocalsearch
mechanisms・
FourlocalsearchheuristicsfbrthｅＢＱＰｍａｙｂｅｃａｔｅｇｏｒｉｚｅｄｂｙｔｗｏｎｅｉｇｈborhoodclasses：Z-opt
neighborhoodandA-optneighborhoodlntheBQP,sinceasolutionmtotheproblemisabinaryvector
offixedlengthn,thesimplestfbrmisthel-optneighborhood，ｉｅ.，Z-optneighborsolutionisreachedby
HippingasinglebitinacurrentsolutionTherefbre，theHammingdistance1dHbetweenthecurrent
solutionzandthel-optneighborsolutionz'isone,。"(z,z')＝lThelocalsearchthathasthel-0pt
neighborhoodfbrtheBQPiscalledtheZ-0ptlocalsearchltsearchesnewsolutionswithbettercostin
theZ-optneighborsolutionsthatcanbereachedbyflippingasmglebitofthecurrentsolutionineach
stepandthesearchisperfbrmeduntilnoimprovedneighbｏｒsolutionisfbund
Ontheotherhand,ｔｈｅルーOptneighborhoodfbrtheBQPcanbeextendedfromthel-Optone、The
A-optlocalsearchheuristicfbrtheBQPwasfirstpresentedbyMerzandHeisleben19)thatwasbased
onwell-knownideasusedinLin-KernighanalgorithmfOrｔｈｅＴＳＰ１５）andKernighan-LinalgoｒｉｔｈｍｆｂｒｔｈｅＧＰＰ'4)．ＴｈｅｂａｓｉｃｉｄｅａｏｆｔｈｅｈｅｕｒｉｓｔｉｃｉｓｔｏfindasolutionbyHippingavariablｅｎｕｍｂｅｒｏｆ府
bitsinthesolutionvectorperiterationlneachstep,asequenceofnsolutionsisgeneratedbyHipping
thebitwiththehighestassociatedgainThebestsolutionｉｎｔｈｅｓｅｑｕｅｎｃｅｉｓａｃｃｅｐｔｅｄａｓｔｈｅｎｅw
solutionfbrthenextiteration、IntheA-optlocalsearch,thebestsolutionfbundineachiterationcanbe
interpretedastheA-0ptneighborsolution・ThesearchisperfbrmeduntilnobetternewA-optsolutionis
fbund・Therefbre,ｔｈｅＨａｍｍｉｎｇｄｉｓｔａｎｃｅｄＨｂｅｔｗｅｅｎａｃｕrrentsolutionzandaresultingA-optneighbor
solutiｏｎ⑳'dependsonavariablenumberAD・
BothneighborhoodsarefUrtherdividedintodeterministicandrandomizedversionsthatarecharac-
terizedbytwomovestrategies:bestimprovementandfirstimprovementlntheBQP,thedeterministic
Z-opt18'’９，２o）andA-opt19'２o）locaJsearchheuristicshaｖｅｂｅｅｎｐｒｅｓｅｎｔｅｄｂｙＭｅｒｚｅｔａＪＩｎbothdeter-
ministicheuristics,newsolutionsarefbundbyalwaysHippingthebitswiththehighestgainvaluebythe
bestimprovementlnovestrategy・ＩｎｔｈｅＡ－ｏｐｔ,roughlyspeaking,theLOptwiththebestimprovementis
perfbrmedwithatabufashiontoachieveavariabｌｅルーOptneighborsolutionTheothers,therandomizedl-opt11）andh-0pt12'’3）localsearchheuristicshavebeenpresentedbyourselvesTherandomizedl-opt
localsearchrandomlyfindsnewsolutionswithgood(positive)gajnvaluebythefirstimprovementina
fixednumberofiterations(≦、)．Therandomizedk-0ptlocalsearchfindsanewbetterk-Optneighbor
solutionreachedbyacombinationoftherandomizedZ-叩tanddeterministick-Optneighborhoodsin
eachiteration、Inthiscombination，thefirstimprovementI-optisexecutedbefbrethehighestgain
fbundbythebestimprovementl-optwiththetabufashion，whichisapartofthedeterministicA-opt，
isnegativeThesearchconductedbytherandomizedl-optneighborhoodinthisk-optlocalsearch
contributestooscillationsthatareｐｅｒｆｂｒｍｅｄｓｏａｓｔｏｒａｎｄｏｍｌｙｍｏｖｅｔｏｇainfUlsolutionswithpositive
gainvaluesbefbretemporarilymovingtotentativesolutionswithnegativegains、Moredetailscanbe
fbundinll,12,13,18,19,2o）
Ｗｈｅｎperfbrmingtwomulti-startmethodsofl-optandA-optlocalsearchesthatstartfromrandom
solutions,eachresultobtainedbyeachoftherandomizedversions（randomizedZ-optandA-opt)is
superiortoeachofthedeterministicversions(deterministicI-0ptandA-opt),respectively,intermsof
resultingsolutionqualitiesonaveragefbrthetestinstancesrangingfrommediumsize(500variables)tolargesize(2500variables)''''3)ItisalsoconfirmedthatinacomparisonofbothZ-0ptlocalsearches(or
bothA-optlocalsearches),eachofbothrunningtimesconsumedbytwol-opt(ortwoA-opt)isalmost
’TheHammingdistancebetweenthebinaryvectorsu＝{u1,u2,…,ｕ"｝ａｎｄｕ＝{Ｕ1,U2,…,u河｝istheindicesisuchthatl＜Ｚ＜ｎａｎｄｕｉ≠Ｕｉ,where〃isalengthofthevectors・WedenotetheHammingdistancebydH(u,u)．－－
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thesamewhenstartingfromrandomsolutions．
3.4RandomMutation
ThemutationinthePAisinterpretedasoneneighborhoodtogenerate(ortransfbrm)anewsolution
thatisnotalocaloptimum(withaworsecost)fromlocallyoptimalsolutionfbundbylocalsearchln
otherwords,itisatechniquetoAjckalocalsearchsolution,ｔｈａｔｉｓ,toperturbitｓｌｉｇｈｔｌｙ
ｌｎｔｈｅＴＳＰ,fbrexample,oneofthemutationtechniquesusedｖｅｒｙｏｆｔｅｎｉｎｔｈｅＰＡｉｓａｒａｎｄｏｍ４ｏｐｔ
move(ornon-sequence4-change,double-bridge)'5,9''7,2)．ThemutationfbrtheTSPisveryusefillin
thatitispossibletogenerateasuitableinitialsolutionthatｃａｎｂｅｇｉｖｅｎｅｖｅｎｆｂｒｔｈｅｐｏｗｅｒｆＵｌＬｊn-
Kernj9hQn，slocalsearchanditcanbeexpectedthatthepowelfulheuristicstartingfromsuchsolution
producestheotherlocaloptimumwhichisdifIerentwiththesolutionbefbrethemutationperfbrmed
previously・ＨｏｎｇｅｔｄＬ８）haveinvestigatedsuitableedgenumberｓｉｎｔｈｅｋｉｃｋｔｈａｔａｒｅｅｘｃｈａｎｇｅｄ
ｔｏｇｅnerateasuitableinitialsolutionfbrwell-knownTSPlocalsearches・Theyhavereportedthat
thesuitablｅｅｄｇｅｎｕｍｂｅｒｓｄｅｐｅｎｄｅｄｏｎｔｙｐｅｓｏｆｌocalsearchheuristicsandTSPinstancesafterthe
investigationthat,fbreachofgiveninstances,ｔｈｅｅｄｇｅｓｒａｎｇｉｎｇｆｒｏｍ２ｔｏ５０ｗｅｒｅｒａndomlyexchanged
fbrthelocalsearchsolutions
SuchinvestigationsarenotyetconductedfOrtheBQP・Therefbre,onesasin8）mayberequiredfbr
thefirststudyofthePAtotheＢＱＰ,sincetheusefulmutationintheTSPisimpossibletoapplytothe
problemconsideredhere
TbachievesuchinvestigationsfOrthePAstotheBQP,weperfbrmarandommutationthatHipsbits
randomlychoseninagivenlocallyoptimalsolutionandgeneratesanewsolutionwhichisaninitial
solutionfbrthenextlocalsearchprocessmtheＰＡ・ＡｎｕｍｂｅｒｒｏｆｔｈｅｂｉｔｓｔｏｂｅＨｉｐｐｅｄｉｓｄefinedby
r＝、*prmt,wherendenotesanumberofvariablesofagiveninstancesizeandprmt(Ｏ＜prmt＜１)is
aprobabilityparameterfbrdeteｒｍｉｎｉｎｇｔｈｅｎｕｍｂｅｒｏｆｔｈｅｂｉｔｓｔｏｂｅｒandomlyHipped、Foreachofthe
BQPinstancesinvestigatedinthefbllowingexperiment,wetestseveralparametervaluestoshowwhich
isthemostsuitableinthePAs・WesetprmtE｛0.01,005,0.1,0.15,0.2,0.25,0.3,0.35,0.4,0.45,0.5,
0.55,0.6,0.65,0.7,075,0.8,0.85,0.9,095｝・The20parametervaluesinthe0.01to0.95rangemean
toflipthebitsrangingfrom1％ｔｏ９５％fbrthegivensolutionoflengthn・GivenaninstanceoflOOO
variablesandifprmtissetto0.1,fbrexample,１００ｂits(＝1000＊0.1)arerandomlychosenfromthe
solutionoflengthlOOO，ａｎｄtheselOObitschosenareallHippedtogeneratethenewsolutionThus，
｡H(z…,zoJd)＝100,whereｚ…isthenewsolutionandqMisthegivensolution
４．ComputationalResults
Here，twoexperimentsaremainlyconductｅｄＴｈｅａｉｍｏｆｔｈｅｆｉｒｓｔｅｘｐｅｒｉｍｅｎｔｉｓｔｏｃｏｍｐａｒｅｓｅｖｅｒａｌ
ＰＡｓａｎｄｔｏｏｂｓｅｒｖebehaviorsoftherandommutationcontrolledbyprobabilityparametervalues・The
secondexperimentistoshowthesearchperfbrmanceofthePA,ｗｈｉｃｈｉｓｔｈｅｍｏｓｔpromisingalgorithm
chosenfromthefirstone,inordertocomparewiththeotherexistingmetaheuristicsfbrtheBQP・
Hrtheexperiments,ｉｔｍａｙｂｅｃｏｎｖｅｎｉｅｎｔｔｏｎａｍｅｅａｃｈｏｆｓeveralPAs・Ｔｈｅｒｅａｒｅ８ｃａｎｄｉｄａｔｅｓｏｆｔｈｅ
ＰＡｓａｎｄtheentriesarelistedasfbllows．
●PA1-D1-opt-PA1withthedeterministicLoptlocalsearch(seeFiglfbrdetajlsofthePA1）
・ＰＡ１－Ｒ１－ｏｐｔ－ＰＡ１ｗｉｔｈｔｈｅｒａｎｄｏｍｉzedLopt
・ＰＡ１－Ｄｋ－ｏｐｔ－ＰＡ１ｗｉｔｈｔｈｅｄｅｔｅｒｍinistick-opt
・ＰＡ１－Ｒｋ－ｏｐｔ－ＰＡ１ｗｉｔｈｔｈｅｒａｎｄｏｍｉzedA-opt・PA2-D1-opt-PA2withthedeterministicI-optlocalsearch(seeFig2fbrdetailsofthePA2）
・PA2-R1-opt-PA2withtherandomizeｄＬｏｐｔ
・ＰＡ２－Ｄｋ－ｏｐｔ－ＰＡ２ｗｉｔｈｔｈｅｄｅｔｅｒｍｉnisticA-Opt
・ＰＡ２－Ｒｋ－ｏｐｔ－ＰＡ２ｗｉｔｈｔｈｅｒａｎｄｏｍｉzedA-opt
4.1ResultsoftheFirstExperiment
lnthefirstexperiment,weconsiderfburoftheBQP，stestinstanceswithvarieddensitiesandproblem
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Tnblellnfbrmationoftestprobleminstances
iⅢ感遥ijTf己謹節ＰＡ１－Ｄ１－ＯＰｔ－ＰＡ１－Ｒ１－ＯＰｔ－←－－ＰＡ１－Ｄｋ－ｏｐｔ.｡…・ＰＡ１－Ｒｋ－ＯＰｔ……ⅡＰＡ２－Ｄ１－ｏｐｔ‐ｃ－－ＰＡ２－Ｒ１－ｏｐｔ－・－ＰＡ２－Ｄｋ－ｏＰｔ－－ＰＡ２－Ｒｋ－ｏｐｔ…←… 窪iPHhJiTTjlJJiiiiｋ！童iiii蕊董j:iiziiiiTif
variableinstance(ie.,glov500-4),30secondsfbrlOOOvariableinstances(i､e､,kb-gO9andbeaslOOO-8）and60secondsfbr2500variableinstance(Le,beas2500-2),ｏｎａＳｕｎＵｌｔｒａ５/１０(UltraSPARC-IIi440MHz)EachofeightPAswasrun30timeswitheachofprmtvaluesfbreachinstanceAninitial
solutionfbreachrunofthealgorithmwasrandomlygeneratedwithadiffbrentrandomseedAllｔｈｅPA
heuristicswereimplementedinC、
Figure3reportsoverallcomparisonresultsofeightPAsontheinstances：（a)glov500-4and(b）beas2500-2(Theresultsofkb-gO9andbeaslOOO-8instanceswereomittedsinceweobservedalmost
thesamebehaN'iorswith(a)ａｎｄ(b)ｉｎＦｉｇ３）Fbreachof(a)ａｎｄ(b),theverticallineshowsaveragequality(％)thatistheaveragepercentageexcessoverthebest-knownsolutionvalueandthehorizontal
linedenotesprmtvalue、Here,weobservethebehaviorsofhowthefinalsolutionsobtainedbythePAschangewhentheprmtvalueischanged・Ｉｎａｌｌｔｈｅｒｅｓｕｌｔｓｉｎｔｈｉｓｅxperilnent，interestingbehaviorsareobservedineightPAs：averagequalitiesofsolutionsfinallyobtainedbyPAswithk-optarenotsensitive
evenifthemutationparametervaluesareincreased，ｂｕｔｉｎｃａｓｅｓｏｆＰＡｓｗｉｔｈＺ－ｏｐｔ，thequalitiesaregraduallyinferior・ＨｏｍｔｈｅｂｅｈａｖｉｏｒｏｆｔｈｅＰＡｓｗｉｔｈＩ‐Opt,ｗｅｎｏｔｅｔｈａｔｉｔｉｓｄｉｆｌｉｃｕｌｔｔｏｃｏｎｆｉdentlychoosethebestvalueoftheparametersfbrobtainingfinalgoodsolutionslncomparisonoftwotypesofPAswitheachA-opt,ＰＡ２ｔｙｐｅａｌｇｏｒｉｔｈｍｓｓｅｅｍｔｏｏｂｔａｉｎｂettersolutionsthananothertypePＡ１ｉｎ
ｍｏｓｔｃａｓｅｓ・Inaddition，thesebettersolutionsbyPA２arefbundfromrelativelysmallervaluesofthe
parameterwithoutdependingonproblemsize，ａｌｔｈｏｕｇｈｉｔｓｅｅｍｓｔｈａｔｔｈｅｍｏｓｔｐｒｏｍisingp7wDtvaluedependsonatypeofthelocalsearchheuristicsandothers(problemdensities)．ThistendencyineachofPA2typealgorithmswithA-Optmaybegoodinthatwesetconfidentlytheparametervalues．
lｎｓｔａｎｃｅ ｂｋｖ ｎｄｅｎｓ(Ｑ）Ref．
glov500-4172771５０００．７５６)3）
kb-gO92626581000０．９ ７)1）
beaslOOO-8351994１００００．１４)3）
beas2500-214713922500０．１４)3）
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Homtheresultsshowninthefigures，wechoosethebestalgorithmamongtheeightPAsinorderto
showperfbrmancesofthebestalgorithminthenextexperiment・Ｔｈｅcriteriatochooseitareasfbllows、
1)analgorithmamongthePAsobtainsthehighest-qualitysolutionsand2)themutationparameter
valｕｅｐｒｍｔｓｈｏｕｌｄｂｅｓｍａｌＬＴｈｅｆｉｒｓｔｃｒｉterionisquitenaturalmthatthehigh-qualitysolutionsshould
bealwaysrequired、Forthesecondone，ｓｉｎｃｅａｌａｒｇｅｒｖａｌｕｅｏｆｐｒｍｔｃａｕｓｅｓｅxpensivecomputational
tasksoflocalsearchtoreachlocaloptimuminｅａｃｈｉｔｅｒａｔｉｏｎｏｆｔｈｅＰＡ，ｉｔｍａｙｂｅｎｅｃｅｓｓａｒｙｔｏｕｓｅ
ａｓｍａllvalueratherthanalargerone，ifgoodsolutionsareobtainedwiththesmallvalue・Homthe
criteriaprovidedabove，ｗｅｒｅcommendPA2-Rk-optalgorithmbecausethealgorithmhasobtajnedthe
bｅｓｔｒｅｓｕｌｔａｍｏｎｇｔｈｅｍａｎｄｔｈｅｂｅｓｔｒｅsultwasalwaysobtainedwhenprmtisarelativelysmallvalue
fbreachinstancetestedlnaddition，ａｒａｎｇｅｏｆｔｈｅｓｍａｌｌｖａｌｕｅｓｉｓａｌｍｏｓｔthesamewithoutdepending
onproblemsizes，ｉｅ.，ｉｔｓｈｏｗｓｔｏｂｅｒｏｂｕｓｔ，butitseemsthatthenear-optimalvalueofpmztdepends
ontheprOblemdensities
OurrecommendedprmtvaluesfbrPA2-Rk-optareasfbllows：withoutdependingontheproblemsize
n，fOrlowerdensityproblemswesimplｙｒｅｃｏｍｍｅｎｄｐｒｍｔ＝ＯＯ５ｕｐｔｏＯ,15,ａｎｄfbrhigherdensity
problemsprmt＝Ｏ１５ｕｐｔｏＯ､25．Homthese,wealsorecommendfbrthemiddledensityproblemp7wDt
＝0.1uptoO2Thesearenear-optimalvaluesfOrPA2-Rk-opt，notoptimaLNotethatthesevalues
aresubstantiallyacquiredtoonlytheinstancesconsideredhere・TherefOre,itisdifHculttojustifythe
valuestoallprobleminstancesoftheBQP､However,weconsiderthattheymaybeusedasonestandard
near-optimalvaluefbrotherinstanceswithcorrespondingdensities．
4.2ResultsoftheSecondExperiment
lbshowempiricalperfbrmancesofthebestPAfbrmanytestprobleminstancesfromtheliterature,we
testPA2-Rk-optwithnear-optimalvalueofmutationchosenfromｔｈｅｒｅsultsofthepreviousexperi-
ment・Anumberoftheinstancesconsidereｄｈｅｒｅａｒｅ３５ｉｎｅａｃｈｐｒoblemsetconsideredintheprevious
experiment：５instancesfromglov500setand30instancesfromeachofkb-g,beaslOOOandbeas2500・
Fiveinstancesinthefirstsetglov500arewithn＝５００andadensitydens(Q)oftheinstanceinthe
setarebetweeｎＯ１ａｎｄ1.0.nninstancesofkb-garewithn＝l000anddens(Ｑ)variedbetweenO､１
and1.0．Last20instances：beaslOOOandbeas2500arewithlOOOand2500variables，ａｎｄｅａｃｈｏｆｔｈｅ
ｓｅｔｓｃｏｎｓｉｓｔｓｏｆｌＯｉｎstances、Ｅａｃｈｄｅｎｓｉｔｙｏｆｔｈｅ２０ｉｎｓｔａｎｃｅｓｉｓＯ・LAccordingtosuchdensityinfbr-
mationandourrecommendedvalueshownabove,p7wztvaluesusedinPA2-Rk-optａｒｅｓｅｔａｓｆｂｌｌｏｗｓ：
ｐｒｍｔ＝ＯＯ５ｆｂｒｇｌｏｖ５００－１，kb-gO1-kb-gO2，andallbeaslOOOandbeas2500instances,ｐ７ｗｚｔ＝０．１
fbrglov500-2,glov500-3andkb-gO3-kb-gO7instances,ａｎｄｐｒｍｔ＝O15fbrglov500-4,glov500-5
andkb-gO8-kb-glOinstances、
FbrthePArunninginthisexperiment,ａｔｉｍｅｌｉｍｉｔｉｓａｌｓｏｉｍｐｏsedonthesamecomputerusedabove，
ｂｕｔａｌａｒｇｅｒｔｉｍｅｌｉｍｉｔｗａｓｓｅｔｂｅｃａｕsetherelativelylargerunningtimeshavebeenperlnittedinthe
previouslyreportedresultsofthepowerfUlmetaheuristics・Oursettingofthetimelimitdependsonthe
problemsize:３０(s)fbrtheinstanceswitM＝500,60(s)fbrtheinstanceswithn＝l000and360(s)fbr
theinstanceswithn＝2500．Ｔｈｅｓｅｓｅｔｔｉｎｇａｒｅｔｈｅｓａｍｅａｓｔｈａｔｉｎ'2)．
Table2summarizestheresultsofPA2-Rk-optfbrthe35instances30runswereperfbrmedandthe
runningtimestoreachthebest-knownsolutionswererecordedlfthebest-knownsolutioncouldnot
befbundfbreachrun,ｔｈｅｒｕｎｗａｓｐｅｒｆｂｒｍｅｄｕｎｔｉｌｔｈｅｔｉｍｅlimitdescribedabovewasreached・Inthis
table,thebestfbundsolution“best，，，theaveragefinalsolution``avg.，，，thenumberoftimesinwhichthe
best-knownsolutioncouldbefbund“b/30,,,andtheaveragerunningtime“t１，，insecondsinthecase
whichthePAcouldfindthebest-knownsolution，wereprovided
FTomTnble2，ｉｔｉｓｏｂｓｅｒｖｅｄｔｈａｔｔｈｅｂｅｓｔＰＡ，PA2-Rk-opt，wascapableoffindingthebest-known
solutionwithhighfrequencyinthepredefinedtimelimit(seethecolumndenoted“b/３０，，),exceptfbr
kb-ginstanceswithhighdensities．Ｆorparticularlykb-gO9andkb-glO，itappearstoberelativelyhard
tofindthebest-knownsolutionbythePA,sincethenumbersof"b/３０，，arelessthanlOOntheother
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ParthenogeneticAlgorithmmcorporatingrandomizedA-optlocalsearch(PA2-Rk-opt)fbrglov500，Table２
kb-g,beaslOOOandbeas2500instances
ＢＱＰ
ｉｎｓｔａｎｃｅ
Previousresultsofalternativeheuristics:geneticlocalsearch(GLS-KTN)byKatayama,Ｉｎｎｉ,and
3imulatedannealing(SA-KN)byKatayamaandNaJEihisa,geneticlocalsearch(GLS-ＭF)byMerz
isleben,tabusearch(TS-B)andsimulatedannealing(SA-B)byBeasleyfbrbeas2500instances
Table３
NaJdhisa,s annealing(SA-KN）
andFre mh(TS-B)２
ＢＱＰ
ｉｎｓｔａｎｃｅ
■
TS-B4）
ｂｅｓｔ
ＳＡ－Ｂ４）
ｂｅｓｔ
hand,fbrtheinstanceswithlowerdensitiessuchasbeaslOOOandbeas2500instanceswithdens(Ｑ)＝
0.1,ｉｔｓｅｅｍｓｔｈａｔｔｈｅＰＡｗｉｔｈｐｒｍｔ＝OO5providedsatisfactorysolutionsinreasonablerunningtimes・
ＩｂｃｏｍｐａｒｅｏｕｒｂｅｓｔＰＡｗｉｔｈｔｈｅｏｔｈｅｒmetaheuristics，weprovideseveralresultsofthealtemative
heuristics・Tnble3displaystheresultsofthemetalleuristicspreviouslyreportｅｄｂｙｏｔｈｅｒｓａｎｄｕｓ・The
heuristicsaretwogeneticlocalsearch(GLS),twosimulatedannealing(SA),andatabusearch(TS)，
andhavebeentestedonlargetestinstancesofupto2500variablescontainedinORLIB3)，exceptthe
setofkb-g
Thepreviousresultsfbronly2500variableinstancesareshowninTnble3・GLS-KTN12)incorporates
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therandomizedA-optForGLS-ＫＴＮ，３０runswereperfbrmedandtherunningtimestoreachthebest-
knownsolutionswererecorded・Ifthebest-knownsolutioncouldnoｔｂｅｆｂｕｎｄｆｂｒｅａｃｈｒｕｎ，therun
wasperfbrmeduntilthetimelimitof360(s)wasreachedlnthistable,fbrGLS-KTN,theaveragefinal
solutiｏｎ``avg，，,thenumberoftimesinwhichthebest-knownsolutioncouldbefbund``(b/30)，',the
averagerunningtime“t１，，ｉｎｓｅｃｏｎｄｓｉｎｔｈｅｃａｓｅｗｈｉｃｈｔｈｅＧＬＳｃouldfindthebest-knownsolution,ａｎｄ
ｔｈｅｔｉｍｅｌｉｍｉｔ“t２，，insecondsexceptfbrthecasewhichｔｈｅＧＬＳｃｏｕｌｄｆｉｎｄｔｈｅｂｅｓｔ－ｋｎｏｗｎｓｏlution，
wereprovidedTheGLS-KTNwasperfbrmedonthesamecomputerusedabove,SunUltra5/l0For
SA-KN11),ｔｈｅａﾊﾉeragefinalsolutionin30runs``avg.'，，“(b/30)，，andtheaveragerunningtimesin
secondswhichwererequiredbySA-KNontheSunUltra5/10,wereprovidedlnotherresultsbyother
researchers,fbrGLS-MF18）incorporatingthedeterministicZ-optlocalsearch,theaveragefinalsolution
in30runswasprovidedfbreachinstanceTheirGLSwasperfbrmeduntill,200(s)fbreachofbeas2500
wasreachedonPentiumllPC(300ＭHz）FbrTS-BandSA-B,inthestudy4),Beasleyprovidedthebest
resultfbreachinstanceThesealgorithms(TS-BandSA-B)fbreachinstanceofthesetbeas2500has
consumedaboutl4hoursandl7hoursonSiliconGraphics(R4000CPUwithlOOMHz),respectively・
WhencomparingboththeresultsofPA2-Rk-optfbrthebeas2500setinTaｂｌｅ２ａｎｄＧＬＳ－ＫＴＮｆｂｒ
ｔｈｅｓａｍｅｓｅｔｔｈａtmaybeoneofthebestheuristicsfbrsolvingtheBQP,itisclearthatanumberof
"b/３０，，bythePAfOreachinstanceisbetteroratleastcompetitivetoGLS-KTNorothersJnaddition，
therunningtimestofindthebest-knownsolutionisrelativelyfastincolnparisontoSA-KN,whichisone
ofthefastestheuristicsfbrfindingthebest-knownsolution，particularlyfbrbeas2500-1，beas2500-4，
etcNoteagajnthatbothresultsofPA2-Rk-optandSA-KN(andGLS-KTN)havebeenobtainedon
thesamecomputationalcircumstance．
5．Conclusion
ThispaperhaveattemptedtodesignseveralParthenogeneticAlgorithms，whicharesimpleenhance-
mentsoflocalsearchmethods,fbrtheunconstrainedbinaryquadraticprogrammingproblems(BQP)．
WedemonstratedthesearchabilityｏｆｔｈｅｍｏｓｔｐｒｏｍｉｓｉｎｇＰＡ，afteranextensivetestingofthemuta-
tionparametervalues、Finally,ｗｅｓｈｏｗｅｄｔｈａｔｔｈｅｂｅｓｔＰＡ－ｔｈｅＰＡ２ｆｒameworkincorporatingthe
randomizedA-optlocalsearch(PA2-Rk-opt)－isoneofthemostpowerfulmetaheuristicsfbrthelarge
BQPbenchmarkinstances．
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